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Abstract
Similar in spirit to the preceding work [Opt. Commun. 282 (2009) 3734] where the rela-
tion between optical Fresnel transformation and quantum tomography is revealed, we study
this kind of relationship in the two-mode entangled case. We show that under the two-mode






〈η|, which is just the Radon transform of the two-mode Wigner operator









σδ (η2 −Dσ2 +Bγ1) δ (η1 −Dσ1 −Bγ2)∆ (σ, γ) ,
where F2 is an two-mode Fresnel operator in quantum optics, and s, r are the complex-value
expression of (A,B,C,D). So the probability distribution for the Fresnel quadrature phase is the
tomography (Radon transform of the two-mode Wigner function), correspondingly, s,r 〈η| ψ〉 =
〈η|F †
2












γδ (ξ1 −Aσ1 −Cγ2) δ (ξ2 − Aσ2 + Cγ1)∆ (σ, γ) ,
where |ξ〉 is the conjugated state to |η〉.
1 Introduction
In Ref.[1], by using the technique of integration within an ordered product (IWOP) of operators
and the coherent state representation [2, 3] we have proved that corresponding to optical Fresnel
transformation characteristic of ray transfer matrix elements (A,B,C,D), AD−BC = 1, connecting











Ax2 − 2x′x+Dx′2)] f (x) dx. (1)
there exists Fresnel operator F1(r, s) in quantum optics [7],
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1
such that in the coordinate 〈x| representation[1, 8]







Ax2 − 2x′x+Dx′2)] , (3)









[A+D − i (B − C)] , r = −1
2
[A−D + i (B + C)] , (4)
the unimodularity condition AD − BC = 1 is equivalent to |s|2 − |r|2 = 1. If we let f (x) = 〈x| f〉,




〈x′|F1 (r, s) |x〉 〈x| f〉 dx = 〈x′|F1 (r, s) |f〉 , (5)
which is just the quantum mechanical version of Fresnel transformation.
In a preceding paper [9], we also found that under the Fresnel transformation the pure position
density |x〉 〈x| becomes the tomographic density |x〉s,rs,r 〈x|, which is just the Radon transform of
the Wigner operator ∆ (x, p) , i.e.,
F1 |x〉 〈x|F †1 = |x〉s,rs,r 〈x| =
∫ ∞
−∞
dp′dx′δ [x− (Dx′ −Bp′)]∆ (x′, p′) . (6)
So the probability distribution for the Fresnel quadrature phase is the tomography (Radon transform
of Wigner function [10, 11, 12]), and the tomogram of a state |ψ〉 is just the wave function of its




















In this Communication we want to generalize the above conclusion to two-mode entangled case.
Firstly, we extend Eq. (3) to the two-dimensional Fresnel transformation,






(A |η|2 − (ηη′∗ + η∗η′) +D |η′|2)
]
, (8)
where η is a complex number, then we construct the two-mode Fresnel operator F2 (r, s) such that
its transformation matrix element in the entangled state |η〉 representation (see below Eq.(16)) is
just the two-dimensional Fresnel transformation, i.e., K(r,s)2 (η′, η) = 1pi 〈η′|F2 (r, s) |η〉 , then we shall
prove
F2 |η〉 〈η|F †2 = |η〉s,rs,r 〈η| = pi
∫
d2γd2σδ (η2 −Dσ2 +Bγ1) δ (η1 −Dσ1 −Bγ2)∆ (σ, γ) , (9)
i.e., we show that |η〉s,rs,r 〈η| is just the Radon transform of the entangled Wigner operator ∆ (σ, γ)
Our paper is arranged as follows. In section 2, we briefly review the two-mode Fresnel operator
F2 (r, s) and then derive the 2D Fresnel transformation in entangled state |η〉 representation and
introduce a new representation |η〉s,r (= F2 (r, s) |η〉) in section 3. Section 4 is devoted to proving
Eq.(9), i.e., |η〉s,r s,r 〈η| as Radon transform of entangled Wigner operator. Similar discussions are
moved to the Fresnel transformation in its ‘frequency domain’ in section 5. In the last section, we
derive the inverse Radon transformation of entangled Wigner operator.
2
2 Two-mode Fresnel operator
Similar in spirit to the single-mode case, we introduce the two-mode Fresnel operator F2 (r, s) through
the following 2-mode coherent state representation [1, 13], i.e.,





|sz1 + rz∗2 , rz∗1 + sz2〉 〈z1, z2| , (10)
which indicates that F2 (r, s) is a mapping of classical symplectic transform (z1, z2)→ (sz1 + rz∗2 , rz∗1 + sz2)
in phase space, where |z1, z2〉 = exp
{
− 12 |z1|








|00〉 is a usual two-mode co-
herent state. Concretely, the ket in (10) is
|sz1 + rz∗2 , rz∗1 + sz2〉 ≡ |sz1 + rz∗2〉1 ⊗ |rz∗1 + sz2〉2 , (11)
s and r are complex and satisfy the unimodularity condition |s|2 − |r|2 = 1. Using the IWOP tech-





we perform the integral in (10) and obtain






(|z1|2 + |z2|2)− r∗sz1z2 − rs∗z∗1z∗2





























































Thus F2 (r, s) induces the transforms
F2 (r, s) a1F
−1
2 (r, s) = s
∗a1 − ra†2, F2 (r, s) a2F−12 (r, s) = s∗a2 − ra†1, (13)
and F2 is actually a generalized 2-mode squeezing operator [16, 17].
F2 (r, s) abides by the group multiplication rule. Using the IWOP technique and (10) we obtain













[|z′1|2 + |z′2|2 + |s′z′1 + r′z′∗2 |2 + |r′z′∗1 + s′z′2|2]

















































′′, s′′) , (14)













Therefore, Eq.(14) is a loyal representation of the multiplication rule for ray transfer matrices in the
sense of Matrix Optics.
3
3 Two-mode Fresnel transformation in entangled state rep-
resentations





|η|2 + ηa†1 − η∗a†2 + a†1a†2
]
|00〉 , (16)
|η = η1 + iη2〉 is the common eigenstate of relative coordinate Q1 − Q2 and the total momentum
P1 + P2, i.e.,
(Q1 −Q2) |η〉 =
√
2η1 |η〉 , (P1 + P2) |η〉 =
√















2), (i = 1, 2.) , are coordinate and momentum op-
erators, respectively. |η〉 compose a complete set ∫ d2ηpi |η〉 〈η| = 1, then using the over-completeness
relation of the coherent state and
































we can calculate the integral kernel
K(r,s)2 (η′, η) =
1
pi





















































(r∗ + s∗ − r − s)pi exp
[
(r∗ − s) |η|2 − (r + s) |η′|2 + ηη′∗ + η∗η′






Using the relation between s, r and (A,B,C,D) in Eq.(4) we see that Eq. (20) becomes








A |η|2 − (ηη′∗ + η∗η′) +D |η′|2
)]
≡ KM2 (η′, η) , (21)
where the superscript M only means the parameters of KM2 are [A,B;C,D], and the subscript 2
implies the two-dimensional kernel.
Operating F2 (r, s) on |η〉 and using Eqs.(12) and (18) yields
4

































































































































































ζ ,Re (ζ) < 0. (24)
Noticing the completeness relation and the orthogonality of |η〉 we immediately derive∫
d2η
pi
|η〉s,rs,r 〈η| = 1, s,r 〈η| η′〉s,r = piδ (η − η′) δ (η∗ − η′∗) , (25)
a generalized entangled state representation |η〉s,r with the completeness relation (25). From (23)






















so we have the eigen-equations for |η〉s,r as follows
[D (Q1 −Q2)−B (P1 − P2)] |η〉s,r =
√
2η1 |η〉s,r , (28)
[B (Q1 +Q2) +D (P1 + P2)] |η〉s,r =
√
2η2 |η〉s,r , (29)
We can also check Eqs.(26)-(29) by another way (see Appendix).
4 |η〉s,r s,r 〈η| as the Radon transform of entangled Wigner op-
erator
For two-mode correlated system, it is convenient to express the Wigner operator in the |η〉 repre-
sentation as [20, 21, 22, 23]




|σ − η〉 〈σ + η| eηγ∗−η∗γ . (30)
5
When σ = α − β∗, γ = α + β∗, Eq. (30) is just equal to the direct product of two single-mode










d2γd2σh (σ, γ)∆ (σ, γ) , (31)
































〈η|F †2 |σ − η′〉 〈σ + η′|F2 |η〉 exp(η′γ∗ − η′∗γ). (33)





= piδ (η2 −Dσ2 +Bγ1) δ (η1 −Dσ1 −Bγ2) , (34)
which means the following Weyl correspondence
|η〉s,rs,r 〈η| = pi
∫
d2γd2σδ (η2 −Dσ2 +Bγ1) δ (η1 −Dσ1 −Bγ2)∆ (σ, γ) , (35)
so the projector operator |η〉s,rs,r 〈η| is just the Radon transformation of ∆ (σ, γ), D and B are the
Radon transformation parameter. Combining Eqs. (22)-(35) together we complete the proof (9).
Therefore, the quantum tomography in two-mode entangled case is expressed as
|s,r 〈η| ψ〉 |2 = | 〈η|F † |ψ〉 |2 = pi
∫
d2γd2σδ (η2 −Dσ2 +Bγ1) δ (η1 −Dσ1 −Bγ2) 〈ψ|∆(σ, γ) |ψ〉 .
(36)
where 〈ψ|∆(σ, γ) |ψ〉 is the Wigner function. So the probability distribution for the Fresnel quadra-
ture phase (see Eq. (A11) in the Appendix) is the tomography (Radon transform of the two-mode
Wigner function). This is the main result of the present paper. This new relation between quantum
tomography and optical Fresnel transform may provide experimentalists to figure out new approach
for generating tomography.
5 In the conjugate representation
Next we turn to the “frequency” domain, that is to say, we shall prove that the (A,C) related Radon
transform of entangled Wigner operator ∆ (σ, γ) is just the pure state density operator |ξ〉s,rs,r 〈ξ| ,
i.e.,
F2 |ξ〉 〈ξ|F †2 = |ξ〉s,rs,r 〈ξ| = pi
∫










is an entangled state conjugate to |η〉 . By analogy with the above procedure, we obtain the 2-
dimensional Fresnel transformation in its ‘frequency domain’, i.e.,
KN2 (ξ′, ξ) ≡
1
pi

























D |ξ|2 +A |ξ′|2 − ξ′∗ξ − ξ′ξ∗
)]
, (39)
where the superscript N means that this transform kernel corresponds to the parameter matrix
N = [D,−C,−B,A]. Thus the 2D Fresnel transformation in its ‘frequency domain’ is given by
Ψ (ξ′) =
∫
KN2 (ξ′, ξ)Φ (ξ) d2ξ. (40)





− D + iB






















2 (s∗ − r∗) |ξ|
2 +
ξa†1
s∗ − r∗ +
ξ∗a†2
s∗ − r∗ −
s− r







Noticing that the entangled Wigner operator in 〈ξ| representation is expressed as




|γ + ξ〉 〈γ − ξ| exp(ξ∗σ − σ∗ξ), (43)
and using the classical correspondence of |ξ〉s,rs,r 〈ξ| which is calculated by
h(σ, γ) = 4pi2Tr
[






〈γ − ξ|F2 |ξ〉 〈ξ|F †2 |γ + ξ〉 exp(ξ∗σ − σ∗ξ)
= piδ (ξ1 −Aσ1 − Cγ2) δ (ξ2 −Aσ2 + Cγ1) , (44)
we obtain
|ξ〉s,r s,r 〈ξ| = pi
∫
δ (ξ1 −Aσ1 − Cγ2) δ (ξ2 −Aσ2 + Cγ1)∆ (σ, γ) d2σd2γ, (45)
so the projector operator |ξ〉s,r s,r 〈ξ| is another Radon transformation of the two-mode Wigner
operator, with A and C being the Radon transformation parameter (‘frequency’ domain). Therefore,
the quantum tomography in s,r 〈ξ| representation is expressed as the Radon transformation of the
Wigner function
| 〈ξ|F † |ψ〉 |2 = |s,r 〈ξ| ψ〉 |2 = pi
∫
d2γd2σδ (ξ1 −Aσ1 − Cγ2) δ (ξ2 −Aσ2 + Cγ1) 〈ψ|∆(σ, γ) |ψ〉 ,
(46)
and s,r 〈ξ| = 〈ξ|F †.
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6 Inverse Radon transformation
Now we consider the inverse Radon transformation. For instance, using (35) we see the Fourier
transformation of |η〉s,rs,r 〈η| is∫
d2η |η〉s,rs,r 〈η| exp(−iζ1η1 − iζ2η2)
= pi
∫
d2γd2σ∆(σ, γ) exp [−iζ1 (Dσ1 +Bγ2)− iζ2 (Dσ2 −Bγ1)] , (47)
the right-hand side of (47) can be regarded as a special Fourier transformation of ∆ (σ, γ), so by
making its inverse Fourier transformation, we get

















|η〉s,rs,r 〈η|K (r1, r2, θ1, θ2) , (48)
where cos θ1 = cos θ2 =
D√
B2+D2
, r1 = ζ1
√
B2 +D2, r2 = ζ2
√
B2 +D2 and














− σ2 cos θ2 + γ1 sin θ2
)]
. (49)
Eq.(48) is just the inverse Radon transformation of entangled Wigner operator in the entangled state
representation. This is different from the two independent Radon transformations’ direct product of
the two independent single-mode Wigner operators, because in (23) the |η〉s,r is an entangled state.
Therefore the Wigner function of quantum state |ψ〉 can be reconstructed from the tomographic


















|s,r 〈η |ψ〉|2K (r1, r2, θ1, θ2) . (50)
In summary, based on the preceding paper [13], we have further extended the relation connecting
optical Fresnel transformation with quantum tomography to the entangled case. The tomography
representation s,r 〈η| = 〈η|F †2 is set up, based on which the tomogram of quantum state |ψ〉 is just
the squared modulus of the wave function s,r 〈η| ψ〉 . i.e. the probability distribution for the Fresnel
quadrature phase is the tomogram (Radon transform of the Wigner function).
Acknowledgement: Work supported by the National Natural Science Foundation of China
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APPENDIX


























((A+D)P2 + (B − C)Q2 − (A−D)P1 + (B + C)Q1) , (A4)
it then follow that
F2 (Q1 −Q2)F †2 = D (Q1 −Q2)−B (P1 − P2) , (A5)
F2 (P1 + P2)F
†




2 = A (Q1 +Q2) + C (P1 + P2) , (A7)
F2 (P1 − P2)F †2 = A (P1 − P2)− C (Q1 −Q2) . (A8)
Noticing that
[
F2 (Q1 −Q2)F †2 , F2 (P1 + P2)F †2
]
= 0 and (17) thus the eigenvector equation of
communicative operators D (Q1 −Q2)−B (P1 − P2) and B (Q1 +Q2) +D (P1 + P2) is
[D (Q1 −Q2)−B (P1 − P2)] |η〉s,r = F2 (Q1 −Q2)F †2 |η〉s,r =
√
2η1 |η〉s,r , (A9)
[B (Q1 +Q2) +D (P1 + P2)] |η〉s,r = F2 (P1 + P2)F †2 |η〉s,r =
√
2η2 |η〉s,r , (A10)
thus
|η〉s,r = F2 |η〉 = Eq.(22), (A11)
and we name D (Q1 −Q2)−B (P1 − P2) or B (Q1 +Q2)+D (P1 + P2) the Fresnel quadrature phase.




2 , F2 (P1 − P2)F †2
]
= 0,
and |ξ〉 (the conjugate state to |η〉) is the common eigen-equation of (Q1 +Q2) and (P1 − P2), i.e.,
(Q1 +Q2) |ξ〉 =
√
2ξ1 |ξ〉 , (P1 − P2) |ξ〉 =
√
2ξ2 |ξ〉 , (A12)
so the common eigenvector of F2 (Q1 +Q2)F
†
2 and F2 (P1 − P2)F †2 is given by





















. The corresponding eigen-
equations of |ξ〉s,r are
[A (Q1 +Q2) + C (P1 + P2)] |ξ〉s,r =
√
2ξ1 |ξ〉s,r , (A14)
[A (P1 − P2)− C (Q1 −Q2)] |ξ〉s,r =
√
2ξ2 |ξ〉s,r . (A15)
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